Local exclusion for intermediate and fractional statistics 
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A local exclusion principle is observed for identical particles obeying intermediate/fractional ex- 
change statistics in one and two dimensions, leading to bounds for the kinetic energy in terms of 
the density. This has implications for models of Lieb-Liniger and Calogero-Sutherland type, and 
implies a non-trivial lower bound for the energy of the anyon gas whenever the statistics parameter 
is an odd numerator fraction. We discuss whether this is actually a necessary requirement. 
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I. INTRODUCTION 

The majority of interesting phenomena in many-body 
quantum mechanics are in some way associated to the 
fundamental concept of identical particles and statistics. 
Elementary identical particles in three spatial dimen- 
sions are either bosons, obeying Bose-Einstein statistics, 
or fermions, obeying Fermi-Dirac statistics. The former 
are usually represented using wave functions which are 
symmetric under particle permutations, while the latter 
implement Pauli's exclusion principle by exhibiting total 
anti-symmetry under particle interchange. On the other 
hand, for point particles living in one and two dimen- 
sions there are logical possibilities different from bosons 
and fermions, so-called intermediate or fractional statis- 
tics 

[H-Q. Although first regarded as of purely academic 
interest — filling the loopholes in the arguments leading 
to the two standard permutation symmetries — these 
have recently become a reality in the laboratory, with 
the advent of trapped bosonic condensates 4] and quan- 
tum Hall physics [5j, and thereby the discoveries of ef- 
fective models of particles (or quasi-particles) that seem 
to obey these generalized rules for identical particles and 
statistics. We refer to for extensive reviews on these 
topics. 

Although non-interacting bosons and fermions are well 
understood in terms of single-particle Hilbert spaces and 
operators, the same cannot be said about particles obey- 
ing these generalized interchange statistics. Namely, de- 
spite some effort in this direction 0, fTol j , many-particle 
quantum states for intermediate and fractional exchange 
statistics have in general not admitted a simple descrip- 
tion in terms of single-particle states restricted by some 
exclusion principle. The reason for this difficulty is that 
the general symmetry of the wave function under par- 
ticle interchange is naturally modeled using pairwise or 
many-body interactions, hence leaving the much simpler 
realm of single-particle Hamiltonians (and also introduc- 
ing other mathematical difficulties as well, already at the 



formulation of these models) . 

As a different approach, we would like to stress in the 
following that the effects of exclusion are also encoded in 
the Lieb-Thirring inequality for many-particle energy 
forms. For the case of identical spinless fermions in an 
external potential V in <i-dimensional space, it states that 
there is a uniform bound for the energy of a normalized 
TV-particle state ip: 

N-i . 
(^M) > - |A fc | > -C d / \V-(x)\ 1+d ' 2 d*x, (1) 

with the A^-particle Hamiltonian operator 



H = T + V 
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the conventions H = m = 1, V± := (V ± |V|)/2, and 
a positive constant Cd- The inequality (TTJ) incorporates 
Pauli's exclusion principle via the intermediate sum over 
the negative energy levels Afc of the one-particle Hamil- 
tonian h = —5V 2 + V(x). It furthermore incorporates 
the uncertainty principle, and is in fact equivalent to the 
kinetic energy inequality 



d{2/C d f' d 



p(x) 1+2 ' d d d 



(2) 
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involving the one-particle density p of tp; normalized 
J p(x) d d x — N . In dimension d — 3, the expression 
on the r.h.s. of ([2]) may be recognized as the kinetic en- 
ergy approximation from Thomas-Fermi theory. It is in 
this case conjectured [111 that © holds with exactly the 
Thomas- Fermi expression on the right. The best known 
result is, however, a factor (3/7T 2 ) 1 / 3 smaller 12]. The 
bounds (P) and @ need to be weakened in the case of 
weaker exclusion. In the case that each single-particle 
state can be filled q times (e.g. in models wit h q spin 
states, or cp. Gentile intermediate statistics [13|) the 
r.h.s. of the inequalitites (TTJ) resp. @ arc to be multiplied 
by q resp. q~ 2 l d . Bosons can then be accommodated by 
q = N, yielding trivial bounds as N — > 00. 

In this Letter we wish to report on a new set of Lieb- 
Thirring-type inequalities for intermediate and fractional 
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statistics, which follow from a corresponding local version 
of the exclusion principle, applicable to such interacting 
systems. Our approach is very much inspired by the work 
[3] of Dyson and Lenard (see also [IH), who used only 
such a local form of the Pauli principle to rigorously prove 
the stability of ordinary fermionic matter in the bulk (the 
inequalities (JTJ) and ^ were subsequently invented by 
Lieb and Thirring to simplify their proof). Although 
the numerical constants resulting from our method are 
comparatively weak, we believe the forms of our bounds 
to be conceptually very useful, and as a result we also 
learn something non-trivial about the elusive anyon gas. 
The majority of the results presented here were derived 
in full mathematical detail in [l6|, [ItJ , to which we refer 
the interested reader for detailed reference. 



II. IDENTICAL PARTICLES IN ONE AND TWO 
DIMENSIONS 

We recall the conventional models for intermediate and 
fractional exchange statistics for scalar non-relativistic 
quantum mechanical particles in one and two spatial di- 
mensions. As mentioned in the introduction, there are 
by now a number of standard references for their back- 
ground and derivations, which we will accordingly skip 
here. We will mainly follow the notation in [6], with 
technical details addressed in pjj. 

Identical particles in 2D, anyons, have the possibility to 
pick up an arbitrary but fixed phase e lav upon continu- 
ous simple interchange of two particles @, Q . A standard 
way to model such (abelian) anyons, in the so-called mag- 
netic gauge, is by means of bosons in IR 2 together with 
a statistical magnetic interaction given by the vector po- 
tential 



Xk)I 



a S 



(mod 2), 



where xl denotes a 90° counter-clockwise rotation of the 
vector x. This attaches to every particle an Aharonov- 
Bohm point flux of strength 2na, felt by all the other 
particles. The kinetic energy for N such particles is thus 
given by T A := (ijj , f A ip) , 



1 



N 



3=1 



(3) 



where £>, 



-jVj + Aj, and tp is represented as a com- 



pletely symmetric square-integrable function on (R 2 ) w . 
The case a — then corresponds to bosons, and a = 1 
to fermions. 

The case of identical particles confined to move in 
only one spatial dimension is special and in some sense 
degenerate, since particles cannot be interchanged con- 
tinuously without colliding. In quantum mechanics this 
necessitates some choice of boundary conditions for the 
wave function at the collision points. Depending on 



which approach one takes to quantization 0, H, [l8[ , iden- 
tical particles in ID can again be modelled as bosons, i.e. 
wave functions symmetric under the flip r i— > — r of any 
two relative particle coordinates r :— Xj — Xk, together 
with a local interaction potential, singular at r = and 
either of the form S(r) or 1/r 2 . We write 



Vs(r) := 2r)6(r) 



Vn{r) 



a(a — 1) 



(4) 



with statistics parameters r(,a£l, for the corresponding 
cases of Schrodinger- resp. Heisenberg-type quantization. 
These correspond to the choices of boundary conditions 
for the wave function ip at the boundary r — of the 
configuration space 



— =nip, atr = + , 
or 



resp. ip(r)~r a , as r — > + . 



Here 77 = resp. a = represent bosons (Neumann b.c.) 
while rj = +00 resp. a — 1 represent fermions (Dirich- 
let or analytically vanishing b.c; see 17]). Suggested by 
such pairwise boundary conditions, one may define [19( 
the total kinetic energy for a normalized completely sym- 
metric wave function ip describing N identical particles 
on the full real line R to be Tg/H := (V'j^S/hV') where 



1 



d 2 



S/H 



2frf dx 2 

3=1 1 



v s/n(xj 

l<j<k<N 



Xk)- (5) 



In other words, the Schrodinger case is nothing but 
the Lieb-Liniger model for one-dimensional bosons with 
pairwise Dirac delta interactions [20], while the Heisen- 
berg case corresponds to the homogeneous part of the 
Calogero-Sutherland model with inverse-square interac- 
tions [2l|. For the following results we will restrict to 
77 > (Schrodinger type intermediate statistics) and 
a > 1 (Heisenberg type 'superfermions') for which the 
statistics potentials (|4]) are nonnegative, i.e. repulsive. 

It is useful to be able to speak about the expected 
kinetic energy of a wave function on some local region Q 
of space (typically a cube in the following). For fermions 
or bosons we naturally define this quantity to be 

1 N r 

T o Q: =oE/ |v^| 2 xq(^)^, 

where \Q = 1 on Q and XQ = on the complement Q c . 
Analogously for anyons, 

N 

1 ~[ J«. 2N 

and for Schrodinger and Heisenberg type intermediate 
statistics, := 



2 ^ 

3=1 



E%h( 



X Q (xj)dx. 
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Note that if the full space R has been partitioned into 
a family of non-overlapping regions {Qk} then the total 
kinetic energy decomposes as T 0/s/H / A = Efe T o/S/H/A- 
We will furthermore write Tf = To to denote the free 
kinetic energy for the particular case of fermions in R 3 . 



III. LOCAL EXCLUSION 

The starting point for our energy bounds will be the 
following local consequence of the Pauli exclusion prin- 
ciple for fermions, which was used by Dyson and Lenard 
in their proof of stability of matter [lj] : Let ip be a wave 
function of n spinless fermions in R 3 , i.e. anti-symmetric 
w.r.t. every pair of particle coordinates, and let Q be a 
cube of side length I. Then, for the contribution to the 
free kinetic energy with all particles in Q, 



\Vjip\ 2 dx > (n- 1) 



W?dx, (6) 



where £p = tt/v^- In other words, the energy is nonzero 
for n > 2 and grows at least linearly with n. In |l4|, Q 
was replaced by a ball of radius I and v2£f by the small- 
est positive root of the equation ((i 2 /d£ 2 )(sin£/£) = 0. 
The inequality ([5]) follows by expanding ip in the eigen- 
functions of the Neumann Laplacian on Q, or by the 
method below at the cost of a slightly weaker constant 

Now, for the ID case we introduce £s(??0 resp. £h(o>) 
to be the smallest positive solutions of £ tan£ = nl, resp. 
(d/G?£)(£ 1//2 </(£)) = 0, where J is the Bessel function of 
order a — 1/2. These £s/h arise as quantization condi- 
tions for the wave function upon considering the Neu- 
mann problems 

(-d r 2 + y s/H (r))^ = A^, cW>| r=±i = (7) 

in the pairwise relative coordinate r on an interval [— I, I], 
yielding a lowest bound for the energy A = £g/ H A 2 - 
In the case of anyons we define 

C a n := min min|(2p + l)a — 2q\, (8) 
P e{o,i,...,n-2} q ez 

which measures the fractionality of the parameter a and 
arises from a local pairwise relative magnetic Hardy in- 
equality in 2D 16]. In (jSJ, the minimization over even 
integers 2q has to do with the underlying bosonic sym- 
metry of the wave function, while the odd integer 2p + 1 
depends on the number p of other anyons that can appear 
inside a two-anyon interchange loop (with the additional 
+1 stemming from the statistics flux of the interchanging 
pair itself). Note that for bosons C a= o,n = while for 
fermions C a =i n = 1- 



We call the following observation a local exclusion prin- 
ciple for generalized exchange statistics since it implies 
that the local kinetic energy is nonzero whenever we have 
more than one particle, and hence that the particles can- 
not occupy the same single-particle state (which on a 
local region would be the zero-energy ground state) . 

Lemma 1 (Local exclusion principle) Given any fi- 
nite interval Q C R of length \Q\, we have for r\ > 



i^T^dx > (n-l) fe y j Q H?dx, (9) 



and for a > 1 



jt^dx > (n-l)^r I \r\-d.r. (ID) 



while for a square Q C R 2 with area \Q\ and any a G R 
I}] n Y,\DM 2 dx > (n-l)^jj^dx, (11) 



with c = 0.179. It then follows for the expected kinetic 
energy on a d- dimensional cube Q with volume \Q\ that 



Q 



S/H/A/F 



> 



f 2 

^S/H/A/F 

\Q\ 2 ' d 



/ p(x) dx — 1 
JO 



(12) 



where fg/H/A/F stands f or Cs(v\Q\) 2 , £,a{a) 2 , cC 2 aN , 
resp. £p, with corresponding dimension d = 1, 1, 2, 3. 

Let us consider the proof for the Heisenberg case. 
Using the separation of the center-of-mass n ^ ■ d 2 — 
dj) 2 +J2j<k(dj~~dk) 2 1 the (Neumann) kinetic energy 
for n > 2 particles on an interval Q = [a, b] is 



tfj ThV" dx 

> [ ^f--^(d 3 -d fe ) 2 + u H (^-^) ) <-d.v 



j<k 



3< k Q<>-2 Q [-5(R),S{R)] 

2 V r r g H (q) 2 

" n4-i J J 5{R) 2 

3<k Qn -2 q [S(R),6(R)] 



^(-d 2 + Vn(r))^drdR dx' 



\ii\ 2 drdRdx' ', (13) 



where R := (xj + Xk)/2, r := Xj — Xk, x' = 
(xi, . . . . . . ,Xfc, . . . ,xn), and S(R) := 2min{|i? - 

a\,\R- b\}. We then use (JUJ) and S(R)- 2 > \Q\~ 2 
to obtain (|10p . Inserting the partition of unity 1 = 
E,AC{i,...,N}UieAXQ( x l)UitAXQ°(xi) into the expres- 
sion for we then obtain (cp. fl4HT7l |) 
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A • /RJV J eA \ 0#)fc=i / *eA i^A 

a l Q l -Aq^^i -V' , 6 a Ja 101 J * N \U I 



where in the last step we again used the partition of unity. 
This proves (fUZj) in the a > 1 Heisenberg case. The 
Schrodinger case follows similarly, while the anyon case 
requires the application of a magnetic Hardy inequal- 
ity (also giving rise to a local repulsive potential whose 
strength is measured by (JSJ) ) , and we refer to 0, [13] for 
the proofs. 

The constants £g/H/A/F °f proportionality in (|12p ap- 
pear as lower bounds on the strength of local exclusion, 
and could e.g. be compared with the global constant of 
proportionality in Haldane's generalized exclusion statis- 
tics [9(. For the case of anyons, the constant £,\ cx N 
is actually iV-dependent, and it is clear from the defini- 
tion <|Sj> that this constant can become identically zero 
for sufficiently large N if a is an even numerator (re- 
duced) fraction. However, we have shown in [l6| that 
for a = pjv an odd numerator fraction, the limiting con- 
stant is non-zero and equal to lirrijv-s.00 C a .N = 1/v. It 
hence also becomes weaker with a bigger denominator v 
in the statistics parameter. For irrational a the constant 
is non-zero for all finite TV, but the limit is again zero. 

IV. LIEB-THIRRING-TYPE INEQUALITIES 



I 

the r.h.s. is bigger for less constant density, but scales 
with the number of particles only as N (in contrast to 
the Lieb-Thirring inequality). 

Combining local uncertainty with local exclusion, and 
cleverly splitting the space into smaller cubes depending 
on the density, one can then prove the following energy 
bounds: 

Theorem 2 (L-T inequalities for ID Schrodinger) 

For rj > 

T s > C s U s {2i 1 /p*{x)) 2 p{xfdx, (15) 

JR 

for some constant 3 ■ 10 -5 < Cs < 2/3, where p*{x) is 
defined as the supremum of the averaged density Jq p/\Q\ 
over all intervals Q containing x. In particular, if p is 
homogeneous, e.g. p* < jp for some 7 > 0, then 

T s > CsU^v/hp)) 2 ! p{xfdx, (16) 

JR 

and if p is supported on an interval of length L 

T s /L > C s &(2r;/(7P)) 2 P 3 , p:=N/L. (17) 



The inequalities (TTJ and @ for fermions combine the 
Pauli exclusion principle with the uncertainty principle to 
produce non-trivial and useful bounds for the energy as 
the number of particles N becomes large. We shall com- 
plement the local form of the exclusion principle above 
with the following local form of the uncertainty principle 
on a d-dimensional cube Q, valid for the free kinetic en- 
ergy of any bosonic wave function ip, and hence applica- 
ble in our cases of intermediate statistics after discarding 
the positive statistics potentials or, in the case of anyons, 
using the diamagnetic inequality \Djifj\ > |Vj|^>||: 

rpQ , I Q P 1+Vd dx J Q pd X 

J 0/S/H/A ^ C l (J Qpdx )2/d C 2 |Q| 2 /,i ■ ^ 

The constants C2 > C\ > only depend on d. Mathe- 
matically, (|14p is a form of Poincare-Sobolev inequality, 
and we refer to , [I?} for details and proofs. Note that 
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FIG. 1. Plot of f s (t) (solid) and arctan y/i + 4t 2 /tt 2 (dashed) 
as a function of t > 0. 
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FIG. 2. Plot of £ H (a) as a function of a > 0. 



FIG. 3. A sketch of C a = linijv-+oo C a jv as a function of a 



Compare with Lieb-Liniger [201 ]. where for a free sys- 
tem in the thermodynamic limit N, L —¥ oo with fixed 
density p, T s /L -> ±e(2rj/p)p 3 with e(i) ~ i,i -C 1, 

e(i) — > i — > oo (see also 22]). A good numerical ap- 
proximation to £s is given by £s (t) 
for edit > (see Fig. [TJ. 



arctan -y/i + At 2 /n 2 



Theorem 3 (L-T inequalities for ID Heisenberg) 

For a > 1 and arbitrary intervals Q such that the ex- 
pected number of particles J Q p > 2 



~1qF 



(18) 



wit/i a constant 1/32 < Ch < 2/3. It follows in particular 
that if p is confined to a length L and N > 2 i/ien 



2 ^3 



T H /L > C H 6j(a) P 



p := iV/L. 



(19) 



We have £h(1) = tt/2 and, asymptotically, ^h(cc) ~ a 
as a — > oo (see Fig. [J). Compare with Calogero and 

Sutherland [2l|, where one finds Tr/L — > ^a 2 p 3 in the 
thermodynamic limit N,L — > oo, and with applications 
of Thomas- Fermi theory [23| . The local bound (fT8|) can 
e.g. be applied with the addition of an external potential 
for obtaining lower estimates for the ground state energy 
(along with estimates for the corresponding ground state 
density; see [13] for examples). 

Theorem 4 (L-T inequalities for anyons) For any 



T A > C A C 2 



N 



I p(x) 2 dx, 

JR 2 



(20) 



for some constant 10 -4 < Ca < 7T. It follows that if 
a = p/i> is a reduced fraction with odd numerator p and 
p is supported on an area L 2 then 

T A /L 2 > C A ^, p:=N/L 2 . (21) 



The reason for the more technical forms (|T5|) and (JTS]) 
as compared to ^ and (|2"0|) is the local dependence of the 
strength of exclusion in the Schrodinger case, respectively 
the possibility for arbitrarily strong exclusion (cv — > oo) 
in the Heisenberg case. We sketch a proof only for the 
simpler anyonic case, and refer to QilGj} for details. For 
an application of the same method to fermions in 3D and 
the generalization to q spin states we refer to [241 ] where 
a model allowing for point interactions was considered. 

Let us for simplicity assume p to be supported on some 
square Qo i n the plane which we proceed to split into 
four smaller squares iteratively, organizing the resulting 
subsquares Q in a tree T (see Fig. 2|). The procedure can 
be arranged so that Qo is finally covered by a collection 
Q G Tb of non-overlapping squares marked B s.t. 2 < 
JqP < 8, and Q € Ta marked A s.t. < Jq p < 2, 
and s.t. at least one B-square is at the topmost level of 
every branch of the tree T. On the B-squares we use (fT2"|) 
together with (fH")) to obtain (with c' k > some numerical 
constants) 



Tl 



(22) 



The A-squares are further grouped into a subclass A2 on 
which the density is sufficiently non-constant, Jq p 2 > 

Tr(I Q P) 2 /\Q\ for Q 6 T A , 2 C T A , so that by 



Cl 



P 



(23) 



and a subclass Ai on which Jq p 2 < -§^(Jq p) 2 /\Q\- One 
can then use the structure of the splitting of squares to 
prove that, for the set A\{Qb) of all such Ai-squares 
which can be found by stepping backwards in the tree T 
from a fixed B-square Qb and then one step forward, 



QEAi(Q B ) 



2 ^ o 2c 2 2 

9 ~h * 4 ™ 



32c 2 1 
ci \Qe 



(24) 
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FIG. 4. Example of a splitting of Qo and a corresponding tree 
T of subsquares. For the B-square at level 3 in the tree, the 
set A(Q) of all associated A-squares (cp. Ai(Q) in the text) 
consists of 8 elements, while for the two B-squares at level 2, 
A(Q) coincide and has 4 elements. 



In other words the energy on all subsquares with constant 
low density is dominated by that from exclusion on the 
B-squares. We therefore find from that 



IT 



=3 E 

Qe^i(Qe) 



and hence, since all Ai-squares are covered in this way, 

Ia = Eq G T Ik - SqgT b UTa 2 ^A ^ Ca Ca,N Iq P* f° r 

some numerical constant Ca > 0. 

For (JT7JI and we use J Qg p p dx > iVP|Q | 1_p , and 
for (p?Tj) we used the fact that limjv->.oc C a .N = X/v for 
such odd numerator fractions and zero otherwise. 



APPLICATION AND DISCUSSION 



where L denotes the total angular momentum of the state 
ip. Note that if L = —Oi{^) (which could occur for certain 
N and fractional a as long as the r.h.s. is an even integer) 
then this bound reduces to the bosonic bound for the 
energy. 

It is well-known that energy levels and degeneracies in 
this model depend very non-trivially on both N and a, 
and we can point out certain similarities in the limiting 
graph of Ca,N (see Fig. [3j with known features in spec- 
tra for N = 2j_3, 4 and corresponding extrapolations to 
large N @, 0, HE Hl|- It is e -g- intriguing to compare 
this graph — which can be obtained by cutting out a 
wedge of slope v from the upper half-plane at every even 
numerator rational point /i/i/ on the horizontal axis — 
with the general structure indicated in Fig. 1 in 25] . 

It was in [25j j argued by perturbation theory that the 
behavior for the exact ground state energy as N —> oo 
is approximately Eq ~ 1/awiV 3 / 2 for a ~ and Eq ~ 
V^w^V 3/2 /3 for a ~ 1, requiring L = -a(f) + 0(N 3 / 2 ) 
by (f2l)|) . In any case, as long as Eq grows slower than 
quadratically with N, we are led to look for sequences of 
ground states ijj with L = —ol(^) to leading order in N. 
Note that there are also constraints on -0 coming from 
the bosonic symmetry. 

Motivated by the Laughlin states in the fractional 
quantum Hall effect [27j , we could for particular N = vK 
consider trial wave functions of the form ip — <frip a , with 

V 

^ := n i*i*i~ a e n n n ^fe) 

j<k a-eSjv g=l (j,k)E(T.£q jea.V q 

(27) 

for even numerator fractions a = fi/i> G [0, 1], and ip a := 



The bound (|2ip provides a non-trivial lower bound 
for the energy per unit area for an ideal gas of anyons 
with odd-fractional statistics parameter a. The numeri- 
cal constant Ca > 10~ 4 in this bound has in [TtJ been im- 
proved to > 0.059, which is still quite far from the exact 
semiclassical constant ir for the two-dimensional spinless 
fermion gas. In any case, this non-trivial bound raises 
the very interesting question whether such Lieb-Thirring 
inequalities are in fact not valid for even numerator and 
irrational a. We give some motivation for why this could 
be the case by considering the following observations. 

By minimizing the lower bound for the energy follow- 
ing from (PD|) in terms of p it is straightforward [TtJ to 
obtain a bound 



Ia + (V% > E > lJ—C a , N ojN 3 / 2 

6 V 7T 



(25) 



for the ground state energy Eq of anyons placed in 
a harmonic oscillator potential V(x) = ^\x\ 2 . For odd 
numerator a this improves the bound given in [25j (which 
is also valid for arbitrary a): 



E n > u) IN 



N(N — 1) 



(26) 



IIm Q E II II 

j<k a-eSjv 9=1 (j,k)ea.S g 



A ^ ( 5 



■je<T.v q , 



k=0 



(28) 

for odd numerators /1, where $ should regularize the 
short-scale behavior (due to the singular Jastrow factor). 
We write Zjk '■= Zj — z% for the complex relative particle 
coordinates, ipk denote the eigenstates of the one-particle 
Hamiltonian h = — + V and of which we may form 
a Slater determinant /\ k ipt, while £ q and V q are sets of 
edges and vertices of v disjoint complete graphs involving 
K particles each, and which we act on by permutations a 
to symmetrize the states. Two possible choices of regular- 
izing symmetric functions $, giving rise to the expected 
pair wise short-scale behavior ~ |zjfc| Q in ij), could be 



$ = 

1 m 



n 

j<k 



Z jk\ 



2n 



l^l 2 )- 



(29) 



with a parameter > 0, or the parameter-free (but less 
smooth) 



N v-l 

*=nii^*wr' 

j=i k=i 



(30) 
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with k(j) denoting the fcth nearest neighbor of particle j. 
These states ip have L = -a(^) + a^-N (for <(27j) and 
for certain magic numbers K in (|28p ) and the property 
that only up to v particles can be selected in each term 
without involving a repulsive factor (zjk) 1 * from an edge 
in £ q for some q, allowing for the formation of groups of 
v anyons with integer statistics flux \i. Namely, while the 
Jastrow factor acts to attract all particles, this attraction 
is on large scales exactly balanced whenever a group of 
v non-repelling anyons has formed, since an anyon Xj 
far outside the group, seeing the total attractive factor 
~ (r~ a ) v = where r is the distance from the group, 
is also repelled by at least one anyon Xk in the group, 
with a factor ~ from that corresponding edge 

in £ q . This balance could act to distribute the anyons, on 
the average, in such groups of v. Furthermore, the total 
contribution from such a group to the statistics potential 
Aj seen by the distant particle Xj would be ~ varl/r 2 — 
/irl/r 2 , while the particle also has an orbital angular 
momentum — fi around the group (due to that same edge 
to Xk and phase of (zjk)^) with velocity ~ —firl/r 2 , 
again leading to an exact cancellation. 

The forms ([27)1 and ([25]) bring out a structural dif- 
ference between even and odd numerators \x. The limit 
a = 1 of (|28| is the fcrmionic ground state in the bosonic 
representation, while the states in (|2"T)) are (modulo the 
Jastrow factor) actually found to be exactly the Read- 
Rezayi states 28] for fractional Quantum Hall liquids 
in their bosonic form. The state (|27fl is an exact but 
singular (requiring the regularization by $) eigenstate 
of the Hamiltonian with energy E = u(N + degip a ), 
where degtp a = —a^^-N is the total degree of the 
non-Gaussian part of the wave function (cp. [2!|). In 



all known exact eigenstates there is this simple corre- 
spondence between the degree and the energy. It is 
an interesting fact that adding the degree of <fr in the 
nearest-neighbor form (|30l) produces oj(1 + a^^-)N, i.e. 
exactly the r.h.s. of (|26| for the above value of L, 
speaking for a low energy for even numerator fractions. 
On the other hand, the degree of the odd numerator 
states (|2"8"|) necessarily grows with K as ~ K 3 ! 2 due 
to the Slater determinant. While the resulting energy 
E = lo(N + degip a ) ~ ujv(N/v) 3 / 2 satisfies but does 
not match the bound (|25p exactly w.r.t. a, a corre- 
sponding picture of ideal anyons forming essentially free 
z^-anyon groups with fermionic type statistics would ac- 
tually match the form of the bound (|2T|) . involving the 
reduced density pjv = K/L 2 . 

We finally remark that there are also many interesting 
connections between the forms of the fractions appear- 
ing here and those of fractionally charged quantum Hall 
quasiparticles [3(J. Another question concerns possible 
relations with g-commutation relations, with q = e M7r 
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